ON THE HARMONICITY OF NORMAL ALMOST CONTACT 
METRIC STRUCTURES 
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Abstract. We consider normal almost contact structures on a Riemannian 
manifold and, through their associated sections of an ad-hoc twister bundle, 
study their harmonicity, as sections or as maps. We rewrite these harmonicity 
equations in terms of the Riemann curvature tensor and find conditions relating 
the harmonicity of the almost contact and almost complex structures of the 
total and base spaces of the Morimoto fibration. 



1. Introduction 

Though the theory of harmonic maps was initially developed in an abstract 
setting, it quickly became interesting to consider sections of particular fibre bundles, 
such as the tangent bundle, as maps and put them through the harmonic map 
machinery. 

For the specific case of vector fields, it turned out to be rather disappointing 
as, at least when the domain is compact and for the Sasaki metric, harmonicity, 
whether in its fully-hedged version of all possible maps or the watered-down har- 
monic vector fields where admissible variations are only through sections, is nothing 
but parallelism. Topology allowing, one can further relax the variational problem by 
working within the unit tangent bundle, only then do we find non-trivial examples, 
such as the Hopf vector field on S^. 

Among the more geometrically meaningful bundles, the twistor space, classically 
for almost complex structures but also for almost contact structures, offers the 
possibility of revisiting important geometric objects with a new more analytical 
tool. Working with the corresponding sections of the associated homogeneous fibre 
bundle, one can seek harmonic sections and harmonic maps, i.e. critical points of the 
energy functional under variations through sections for the former, or unrestricted 
for the latter. On even-dimensional spaces, this was carried out in [10| [TI] and 
for almost contact structures in [8j, where the first and second harmonic section 
equations are computed to be 

(1) [V*VJ,J]=0, 

(2) V*VC = |VCP - (1/2) J o trace(VJ ® V^), 
with V*V = trace V^, which combined with, 

(Vb, J, [R{E,,X), J]) + 8{VeA, RiEr,X)0 = 0, 
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for any tangent vector X and an orthonormal frame {£'i}i=i,...,2n+i, make up the 
harmonic map equation (see next section for notations). 

In this article, we examine the class of normal almost contact structures, which 
is a partial integrability condition, reformulate the harmonic section equations in 
terms of the curvature tensor (Theorems 13. II and 13. 21) and conclude that, when the 
characteristic vector field is harmonic, they coalesce into a single equation (Corol- 
lary 13. 1|) . We can then peruse the Morimoto fibration and link in Theorem 14.11 
the harmonicity (as sections or maps) of the normal almost contact structure of 
the total space and the complex structure on the base manifold. We illustrate this 
approach on twisted products in Example l4.1l A special mention should go the com- 
plementary article [;2] where harmonic almost contact structures are characterized 
according to the classification of Chinea and Gonzalez-Davila. 

We will adopt the Einstein convention on the summation of repeated indices and 
the following sign for the Riemannian curvature tensor: 

i?(x,y)-[Vx,Vy]-V[xF]. 

2. Normal almost contact structures 

An almost contact metric structure on an odd-dimensional differentiable manifold 
jyj2n+i jg ^ reduction of the structure group of its tangent bundle to U{n) x 1. More 
concretely, this is equivalent to the existence of a field of endomorphisms of the 
tangent space, a vector field ^ and a one-form 77 related by 

r7(e) = l, = -Id + 'q®^,. 

Then, necessarily, 0^ = and rj o 6 — Q. A Riemannian metric g on Af^"+^ is 
compatible if it satisfies 

g[eX,eY) = g{X,Y) + 7^{X)7^{Y), 

for all vectors X and Y tangent to M^"+^, and such a metric can always be con- 
structed from the data {6, £^,7]). We will only consider almost contact structures 
compatible with the Riemannian metric. This approach is initially due to Gray [3] 
and a good treatment can be found in [1] . 

One can also lift the almost contact structure to the Cartesian line-product 
M = M^""*"^ X R and construct an almost complex structure J by 

JiX + fdt)^eX-f£ + r^iX)du 

for X € TM and dt the canonical unit vector field tangent to R. When J is 
integrable, the almost contact structure will be called normal, which can be char- 
acterized by the equation 

Ng + 2dri®i = 0, 
where Ne is the Nijenhuis tensor 

N0{x, Y) = e'^[x, Y] + [ex, OY] - e[ex, y] - e[x, oy]. 

An immediate effect of this condition is that the vector field ^ must be Killing, 
with geodesic integral lines, and preserve the field of endomorphisms 0, i.e. V ^6 = 
(cf. P). 

In order to prepare computations of the next section, we derive an alternative 
characterization of normal almost contact structures. 



ON THE HARMONICITY OF NORMAL ALMOST CONTACT METRIC STRUCTURES 3 



Proposition 2.1. Let (M^"+^,(7) be a Riemannian manifold equipped with an al- 
most contact metric structure {0,^,r]). Then this structure is normal if and only 
if 

{Vxd){Y) = {VexO)ieY) - (Y, VexOC - v{Y)yexC, 
for any vectors X and Y on M'^"^^ . 

Proof. Let V denote the covariant derivative of M and V tiie covariant derivative of 
M, on the factor R derivation will be noted by D and dt will be the unit vector field. 
Given vectors X and Y in T^M and constants F and G, we consider the vectors 
{X + Fdt) and {Y + Gdt) tangent to M = Af x M and re-write the integrability 
condition 

^'^ J(X+Fdt) 

J){J{Y + Gdt)) = {V ^x+Fd,)J){y + Gdt). 

For the sake of simplicity, we will evaluate all expressions at a given point x G M 
and assume that, around this point, we locally extended the vector Y £ T^M such 
that VY{x) = 0. 
On the one hand 

{^Jix,Faj) {y + Gdt) 

= ^(ex-Fi+r,(x)a,){0^y - V{y)^ - Gdt) - [ex-F^+r,(x)a,){Oy -G£, + v(y)dt)) 
= {Wex0){OY) - F{V^e){eY) - (y, WexO^ - V{y)^ex^ + F{Y, V^^^ + Fii{Y)V^^ 
+ G0(VgxO - FG0{V^O - V {Vex0y - G6{WexO - FW^iOY) + FGV^O , 
while, on the other hand 

{V^x+FO,)J){y + Gdt) - (Vx^?)(l") - GVxe 

Equating these two computations by Q and using different values for F and G, 
yields, for the M-component, 



(4) {^x0){y) - iS/ex0){0y) - {y, VgxOi - viy)^ex^ 

(5) = ~{v^0)i0Y) + (Y, veoe + viy)^^^ 

(6) -Vxe - 0{VexO 

(7) ^(V^O = 0, 
and for the M-component 

(8) V {^ex{0y) - G0(yexO " Fy^i0Y) + FGV^C) = 0. 



Choosing the right type of vectors, it is easily proved that Equation ([4]) implies (O, 
(jHI and ([7|) , and also Equation ([8|) , so the normality of an almost contact structure 
is merely equivalent to jl]). □ 

A direct consequence of Proposition 12.11 is that, on the complement to the ^- 
direction, the field of endomorphisms behaves like an integrable complex structure. 

Corollary 2.1. Let (M'^"'^^,g) be a Riemannian manifold equipped with a nor- 
mal almost contact metric structure (0,^,77). Denote by T the contact sub-bundle, 
i.e. the distribution orthogonal to ^, by J the restriction of to T and by V the 
connection induced on J- by V . Then 

{VjxJ){jy) = {^xJ){y), 

for any X and Y in T . 
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3. Curvature equations of harmonicity 

In the more favourable cases, the two equations characterizing the harmonicity 
of an almost contact structure can be expressed in terms of the curvature ten- 
sor of {M,g). This is what we establish for normal almost contact structures in 
this section, starting with a series of technical preliminary lemmas on a Riemann- 
ian manifold (M^""*'^,^) equipped with a normal almost contact metric structure 

Lemma 3.1. Let E be a horizontal vector field, that is a section of the horizontal 
sub-bundle T , such that, at some point x G (Vi?)(x) = 0. Then, at x, 

[E, JE] = (VeW) + 2{E, VesOe 

Proof. If i? is a horizontal vector field then so is JE and, evaluating at x, 

[E, JE] = Ve{JE) + {Ve[JE),£,)^ - VjeE - {VjeE,^^ 

= (VeJKE) + {E, VoeO^ + {E, V.fiOe 

□ 

To compute the first harmonic section equation, we need to express the commu- 
tator of J and its Laplacian. 

Lemma 3.2. Let E be a section of T , such that, at some point x € M'^"''^^ , 
{VE){x) = 0. Then 

[VeVb J, J] = -2[R{E, JE), J] - 2V(v,j)(£) J - [VjbVjbJ, J], 

where R is the curvature tensor of the contact sub-bundle J- equipped with the 
connection V. 

Proof. Let i? be a section of and X a horizontal vector extended locally such 
that = at the point x E M where we evaluate all expressions. By the Leibniz 
rule, we have 

(V£V£J)(JX) = V£((VeJ)(JX)) - (VbJ)((V£J)(X)). 

Using Corollary 12.11 and Lemma 13. H the first term on the right-hand side may be 
expressed in terms of the curvature tensor R as follows 

Vb((V£J)(JX)) - -Vb((Vj£J)(X)) 

= -VeVjeITX) + VeIJ^jeX) 

= -V£V,/b(JX) + JiVE^JEX) 

= -W.,eVe{JX) - ViE.jE]{JX) - R{E, JE){JX) + JVje^eX 
+ Jy[E.,jE\X + JR{E, JE)X 

= -VjeVe{.JX) + JVjeVeX - V[E,.JE\{JX) + JV[E,JE\X - [R{E, JE), J]{X) 

= -[R{E, JE), J]{X) - \IjeVe[JX) + JWjeVeX - V(v,j)(b)(JX) 

- 2{E, VjEO^dJX) + J(V(v,j)(£)X) + 2{E, VjEOJi^a) 

= -[R{E, JE), J]{X) - Vje^e{JX) + JVjeVeX - {y^^^j^^E)J) {X) 

-2{E,VjE0{^iJ)iX) 

= -[R{E, JE), J\{X) - \IjeVe[JX) + JVjeVeX - (V(v,j)(ij) J)(X), 
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since J = 0. Now 

-V.je^e{JX) + J{VjeVeX) 

= ~Vje{{VeJ){X)) ~ Vje{J{VeX)) + J{VjeVeX) 

= -VjB((Vi5J)(X)) 
= -VjB((Vji5J)(JX)) 

= -(VjbVjbJ)(jx) ~ {yjEJ)iy.jE{JX)) 

= -(VjbVjbJ)(JX) - iy jeJW jeJ){X)), 
because of the way we choose to extend the vector X. Therefore 

(9) ^e{{^eJ){JX)) = -[R{E,JE),J]{X) - (V(v,j)(i;)J)W 

- iVjEVjEJ)iJX) - (VjB J) o (VjB J)(X). 

By definition of the covariant derivative of Vb J 

Vb((V£J)(JX)) = {Ve^eJ){JX) + (Vi5J)((VBJ)(X)), 
hence, using Equation (jlOp . we have 

(10) (Ve^eJKJX) 

= -(Vb J)((Vb J)(X)) + Vb((Vb J)( JX)) 

= -{\/eJ) o {\7eJ){X) - [R{E, JE), J]{X) - (V(v,j)(B) J)(X) 

- (Vj£Vj£j)(JX) - (VjB J) o (VjB J)(X) 

(11) = ~2{\/eJ) o {VeJ){X) - JE), J]{X) - (V(v,^)(i;) J)(X) 

- {Vje^jeJ){JX), 

since, by Coronarv l2.1[ 

(VjB J) o (VjB J)(X) = (Vb J) o {VeJ){X). 
To compute the second term of [V^jVb J, we proceed as follows: 

iVEyEJ)iJ^X) = -2 J o (Vis J) o (Vij J)(X) - [R{E, JE), J\{JX) 
+ Ji^iv.JKE)J){X) + {VjeVjeJ){X), 

then 

-J{Ve^eJ){X) = 2(Vb J) o (Vb J)(X) - [R{E, JE), J]{X) 
- {^(V.J)iE)J){X) + J{\7je\7jeJ){X). 
Summing up this last equation with (|lip . we obtain the result. □ 

Lemma 3.3. Let {fi}i=i...,2n be an orthonormal frame on the horizontal sub- 
bundle J-', such that, at the point x € M^""*"^ where we evaluate all our expressions, 
{VFi){x) ~ 0. Define the Lee vector field by SJ — Y^'iZii'^ FiJ){Fi)- Then 

2n 
i=l 
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Proof. Combining the Leibniz rule, Corollary 12.11 and V J o J = — J o V J, yields 

2ti 2n 2n 

Y,^JF.{JF^) = Y.^VjF^J){F,) = -^(Vf, J)(JF,;) = JSJ. 
i—1 i—1 2—1 

□ 

We can now give the first harmonicity condition for a normal structure. 

Theorem 3.1. Let {M'^"^^ , g) be a Riemannian manifold equipped with a normal 
almost contact metric structure (6*,^, 77). The first harmonic section equation ([T]) 
for this structure can be written 

[R{F,,JF,),J] = ~2V-,jJ, 

where {i^i}i=i...,2n is an orthonormal frame on the horizontal sub-bundle T. 

Proof. Assume, without loss of generality, that the orthonormal frame {-Fi}i=i...,2n 
satisfies V-F'i(.T) = 0, for all i, at the point we evaluate at. First observe that 

-V*VJ = Vf^^f^J - Vvp^i^, J + V^VjJ- Vv^eJ = VpSPiJ 

since S/Fi is in the ^-direction, V^J = and V^^ = 0. Working now with the 
orthonormal frame { J^i}i=i...,2n 

-V*VJ = VjfSjf^J - ^Vj^^{JF.)J - J 

= ^JFy.JF.J - ^{VjFiJ){F,)J 

= ^jfSjf^J -^jsjJ, 
by the previous lemma. Then 

-[V*VJ, J]{X) = [VjF. VjF. J, J]{X) ~ [Vj-sjJ, J]{X). 
Taking traces in Lemma [3?2l we get 

-[V*VJ, J]{X) - -2[R{F,, JF,), J]{X) - 2{VijJ)[X) + [V*VJ, J]{X) 
-[VjijJ,J]{X). 

Notice that 

[\ijsjj,j]{x) = {yjsjj){jx) - j{yj-,jj){x) = 2(Vj,,j)(x), 

by CoroUarv 12.11 Therefore 

[V*VJ, J]{X) = [R{F,, JFi), J]iX) + 2{VsjJ){X), 
and the theorem follows. □ 

Theorem 3.2. Let (M'^"'^^,g) be a Riemannian manifold equipped with a nor- 
mal almost contact metric structure {0,S,,ri). Then the second harmonic section 
equation ^ for the structure {9,^,r]) is 

V*Ve- iVei^e = {l/2)[R{F,,eF,),9m + i^seOm, 
where {-Fi}i=i...,2n is an orthonormal frame on the horizontal sub-bundle T and 
59 = Ei"i(VF.6')(-Fi) (mind that, by Proposztion\2J\ {ViO){^) = 0/ 
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Proof. Equation ([2]) can be written 

Working with an orthonormal frame {-F'i}i=i...,2n as in Theorem 13. 1[ then 
= VF,Vei.,e + ^(V*VC) 

= R{F,, ePi)^ + VeF^VpA + ^[F^fiF,]i + ^?(v*ve) 

= R{P^,eP,)i - [VofM^of^O - eiVeF^VeFX) + V[f.,eF,]f 

+ 0(v*v,e) 

= (VeF,^)(VeF,0 -^(Vv.^jeFoO + V[F„eF.]? 

Notice that 

(12) ^'(Vvef.(e_F,)C) = Ve(V(,p^e)(Fi)C = '^./(VjF;j)(F,)^ = -VieC: 

by Lemma [331 the general property J o V J = — VJ o J and the geodesic integral 
curves of ^. Similarly 

Therefore 

(VF,0)(VF,e) = \R{P^.9Pi)i + 0(V*VO + V^eC 

and 

i0 o [VFM'^F.i) = \BR{p,,ep,)^ - i(v*ve)^ + 

Then the second harmonic equation ^ is 

(V* vo-^ = -keR{p,, ep,)i - evseL 

and, since -e{VseO = {^seOm and ~eR{P,,eP,)i = f?^^,), the theo- 

rem follows. □ 

When the vector field ^ happens to be harmonic (cf. 6J, as a section of the unit 
tangent bundle i.e. V*V^ — |V^|^^, the two harmonic section equations merge into 
a single one. 

Corollary 3.1. Let (M^"+^, 5) he a Riemannian manifold equipped with a normal 
almost contact metric structure ry). If the vector field ^ is harmonic, as unit 
section, then the almost contact structure (6,^,77) is a harmonic section if and only 
if 

[R[p,,ep,),e] = -2^509. 

Proof. If ^ is harmonic then the second harmonic equation simplifies to 

Q = [R{F,,eF,),em + 2{Vseem- 

The link between the J^-component of the curvature tensor of (M^"+^, g) and the 
curvature of the connection V was established in [J: 

R[X, Y) = R^{X, Y) + r{Wxi, Vy^, 
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where r denotes the curvature tensor of the unit sphere, i.e. r{X, Y)Z — (Y, Z)X — 
{X, Z)Y. If one proves that 

(13) KVf.CVjf.O,^] =0, 

then the first harmonic section equation could be rewritten as 

(14) [RiF, ,9F^),e]-{ , OF, ),9],0i = -^VseO + 2 ( Vie^, OC, 
which, apphed to X E gives the first harmonic section equation 

[R^iF,,9F,),9]{X) = -2iVsjJ){X), 

which is the J-'-part of 

[RiF,,0F,),9] = -2Vs0O. 
When evaluated on ^, Equation (IT4t becomes 

[R{F,,9F,),e]{0 - mF,,eF,),9m,0^ = ~2{Vs6em+2{{Vse0m,Oi 
which is the second harmonic section equation 

[R{F,,9F,),0m = -2{Vse0m, 

i.e. the ^-component of 

[R{F,,eF,),9] = -2\7sg9. 

To show that (jl3p is indeed valid, we will only need Lemma 13.31 and the definition 
of the tensor r. Let be a horizontal vector field, then 

= ^(K(Vf,0,Vjf,0^), 
hence the conclusion. □ 

4. Application to submersions 

In the same spirit as Boothby and Wang, Morimoto 4 showed that for a com- 
pact Riemannian manifold {M'^"'~^^ , g) equipped with an almost contact structure 
(0,^, r/), compatible with g, and ^ regular, i.e. when each point admits a neigh- 
bourhood through which integral curves of ^ pass at most once, and a holomorphic 
submersion tt : Ajf^"+^ _B^" onto an almost Hermitian manifold (_B^", J,g), then 
{M'^"'~^^,g,9,^,'ri) being normal is equivalent to J integrable. 

The curvature expressions of the previous section enable us to link the harmonic- 
ity of the structures on the total space and the base of the Morimoto fibration. This 
completes a result of [H]- 

Theorem 4.1. Let n : (Af^"+^, 6*, ^, 77, .g) — > {B'^",J,g) be a holomorphic Rie- 
mannian submersion, i.e. with dT:{9X) = JdTr{X), from a normal almost contact 
manifold, with M'^"^^ compact and ^ regular, onto a Hermitian manifold. Then 
the almost contact structure is a harmonic section if and only if J is harmonic, ^ is 
a (unit) harmonic vector field and Vse^ — 0. Moreover {9,^,r]) defines a harmonic 
map if and only if J is a harmonic map and the length of is constant along the 
integral curves (geodesies) of ^. 
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Proof. Recall from Theorem 13.11 the first harmonic section equation (jlj: 

Since d7r(Vjj J) — ^gjJ, we concentrate on the left-hand side of the equation. 
Let {i^i}i=i,...,2n be a local orthonormal frame of the distribution which projects 
to an orthonormal frame {(i^i)*}i=i,...,2n on B^", by the curvature equations of a 
submersion [5], we have 

eF,)Z, H) = m{{Fi),, J{F,),)Z,,H,) - ^fi{[F,, OF^Z, H]) 

+ \v{m,z])vm,H]) + \fj{[z,F,Mm,H]) 

= mm)*. J{F,\)Z.,H^) - Vei..C)r/([Z, H]) 
- \i^{[F,,eZ]U[F,,H]) - \i^{[Z,F,])T^m,eH]). 

Notice that, for all X,Y ^ F, g{[X,Y],C) = -2g(y, VxC), since ^ is Killing, then 
the previous curvature expression becomes 

g[R[F,,eF,)Z,H) = mm)^.J{F^)*)Z.,H,) + 2g{F,,VeFA)9{'^ zLH) 

- giVp^, 9Z)giVFA, H) - g{V zi, F,)9i^FA, OH). 

By the expression of R given in the proof of Corollary 13.11 and Equation ((T5)) , 

[R{F,,JF,),J] = [R^{F,,JFi),J], 

and for Z and H in F , we have 

gilR^iF, JF,), J]{Z),H) = g{R^{F,, JFi){JZ),H) + g{R^iF, JF)Z, JH) 

= g{Rm)*JiF^)*)JZ,,H,) + 2g{F,VeF,09{^eztH) 

+ g(VF.e, Z)g{\7F,L H) - g(Vgz^, F,)g{\7F,^, OH) 

+ g{Rm).J{F,),)Z,,JH,) + 2g{F,,VgF,S,)g{VzL OH) 

- .g(Vf.^, OZ)giVF,t OH) + g{V z^, F,)g{V f^^. H) 

= g{Rm),J{Fi),)jZ,.H,) + mm)*. J{F-d*)Z,,JH,) 

= g([Rm^)*J{Fi),)J]Z*.H,). 

which gives the first condition. 

The second harmonic section equation ^ is 

2(V*V0^ = mF,,OF{),em+2{VseO){0. 

but 

[R{F,,eF,),em = -eR{F,,9F,)t 

and, if Z G 

{OR{F,eF,)^,Z) = {R{F,0F^)eZ,O- 

Then by [S] 

{R{F,eF)eZ,0 = {iS7gzA)FAOF^),0 + {M{0F^),T^{9Z)) ~ {AgF,iOZ),T^F} 
-{AezF,,T^i0F,)) 
and, ax eF, T^X = 0, since V^^ = 0, so 
(RiF,,eF^)9Z,0 = {S7gz{AF,iOF,)) ^ Av.^fAOFO - AF,iVeziOF)),0 

= {0Z){{\7f,{0F^),O) - {^VezFAOF,),0 + {Vgzm),VFA)- 
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Now 

= {{S/FMF^),0 + {^FA(^F,),0 

^2{{VfMF.),0: 

hence {C^ Fid){Fi), ^) ~ 0. Moreover, by the choice of extension, VezFi at the 
point we evaluate at, and 

(Vez(^^F^), Vf.O - -{{Vgze)i9^F^),VF,0 
= -{{VzO)i0F,),VFA) 
= -{{Vze){9^F,),VeF,0 

= {^zm)-e{\/zF,),VgF,0 

^-{eyzm),^F,0. 

but on the other hand 

{VezieF,),VF,0 = -{{Vz0){0F,),Vf,O = {ov z{eF,),v fA)- 
So (Vez{0Fi),VFiO = and Equation ^ reduces to 

(V*Ve)^ + 0(V5eC)=O. 
U Z e T then, with Equation ([T^ . 

(0(V*Ve),Z) - {Vse^Z) = {VeFyeFA-^Ven(m)^.GZ) - i^se^Z) 

= {VeFyeFX,0Z)-2{Vsei,Z). 

On the other hand, using O'Neill's formulas and, again. Equation ([T^ 

{-V*V£„eZ)-{VseS..Z) 

= {-Ricci^.eZ) - {VsetZ) 

= {-R{i,eFi)OF,,eZ) - {Vsei,Z) 

- {{VeF,A)^^XeZ),e,) + {AeFAOZ),meF,)) - {Aez(OF,),m0F,)) 

- {AeFA0F^),m9Z)) - {Vse^.Z) 

= ( Vef, {AeF, [OZ]) - Av«^^ of^ [OZ] - AeF, {VeF, {BZ)) , - {VseL Z) 

= ieF,)i{VoFd0Z)A)) - {^Vs.,0F,i^Z),O - (VeF,(Vei.,(0Z)),e) - {Vse^,Z) 

= {VeF,VeFA0Z)A) + {VeFAOZ),VoF^O + (^?^, Vv,,jeF,)0 + (V^f, (0^), V^f^C) 

- (Vi-ee, z) 

= {S7eFyeF,i0Z),O+2{\7eFA0Z),S7eFA) 

= -{VBF,yeF,Lez). 

Comparing these two expressions, we deduce that the second harmonic section 
equation is satisfied if and only if ^ is a (unit) harmonic vector field and V^eC = 0. 
Now, to show that a harmonic almost contact structure is in fact a harmonic map, 
we need to check that 

(15) ((VF,J)(F,),[i?^(i^^,x),^^]i^,■) + 8(VF,^,i?(i^^,x)0 = 0, 
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for any X £ TM , where {i^i}i=i,...,2n is a local orthonormal frame of the distribution 
T and {i?i}i=i,...,2n+i — {-Fi}i=i,...,2n U {i^} a local orthonormal frame of TAf . First 
observe that in general 

= {{^eJ){F,),R^{E,,X){6F,)) + {0{{VeJ){F,)),R^{E,,X)(F/}) 
= {{^Ej){F,),R^{E,,X)(eF,)) + {-9''{{We,J){F,)),R^{E,,X){0F,)) 
= 2{{^Ej){Fj),RiE,,X){eF,)). 

If we extend X into a basic vector field in J^, still called X, and use O'Neill's 
formulas [S], we have 

{R{E,,X){eF,),{\7E,J){Fj)) 

(16) =g{RmUX,){J{F,U),{V^F^yJ){F,),) 

(17) - 2(Vf,X, i^eP, ((Vf, J)(F,)), 

(18) + {Vx{0F,),O{^FA{^F.J)iF,)),O 

(19) + {S7eF,F,,0{t^xiiVF,J)iF,))) 

(20) +{RitX)ieF,),{V^J){F,)). 

The term must vanish since ^ has geodesic integral curves and V^X must be 
in J^, so the relation V^6' = implies J = J = 0. If we replace the basis 
{i^j}i=i,...,2ri by {9Fj}i^i 2n hi the second term of pT|) . we have 

(VeF,((VF.J)(F,)),0 = -((VF,J)(^;-),VeF,0 
= -((VF,J)(eF,),Ve2i.^0 

= ((VF.J)(F,),VeF,0, 

so (fT7| must also vanish. Finally, we combine (fT8| and (fT9|) to obtain 

{ V;f (0F, ) , { Vf. ( ( Vf. J) (F, ) ) , + ( VflF, F„ (e , Vx ( ( , J) (F, ) ) ) 

= (0F,-,VxO((VF.J)(^;),Vf^,O + (i^»,VeF,0(Vx?,(VF.J)(F,)) 

= ((Vf.J)(-0VxO,Vf.O + (Vx^,(VF.J)(VeF,C)) 

- 2(Vxe, VF.(eVeF.O - ^(Vf.V^f.O) 

= 2(Vx^,V*VC-0(Vf.VeF.O) 
= 0, 

since we assume that the second harmonic section equation is satisfied (cf. page ^ . 
Therefore, for X £ T, the first term of the harmonic map equation vanishes if and 
only if 



g(i?((FO„X,)(J(F,).),(V(^^,).J)(F,)*) = 0. 
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Still for X E the second term is 
-{R{F,,X)VfA,0 

= {R{F,,X)VfA,0, 

which is the opposite of the first line, so this term must vanish as well. 
If X = ^, the first term in the harmonic map equation ([TSj) is 

= {Ri9F,,{VFj){F,))F„0 

= {{\/F^A)gF,{{\7Fj){F,)),0 + {AeFd{VFj){F,)),T^F,) 

- {A^v,,Jm)F^:^m)) ~ {AFdeF,),miVFj)iF,))) 

= FdVeF,{i^Fj){F,)),0 - {^v,^eF,i{^F,J){F,)),0 - ^eF,{VF.{{VFj){F,)),0 
= {^F^\7eF,{{^F^J){F,)),0 + (V9f,((Vf, J)(i^,)), Vf.O 
+ {^FA{^F,J){F,)),VeF,0 + {{^F,Jm},\/^^^eF,0 

= -{V%^,gF,^,{^Fj){F,)) 

^{R{eFj,iVFj)iFj))^,F,), 
hence {R{9Fj, (Vf. J)(F,))F„ ^ = 0. 

As to the second term of the harmonic map equation when X — we have 

{VE^^,RiE,,m) = -{RiF^,O^F,^,0 

but T^F, = 0, (Ai^,^, Vvf,cO = (VFiC, Vvf.eO = 0, since C is Killing, and 

{{^F,T)^tVF,0 = (Vf.(T50 - Tv.^c^ - rc(VF.O, Vf.O = 0. 
The only remaining term is 

-((V4A)f,(Vf,0,0 - -(Vc((VF,VF.e,00 - Vv,f,Vf,C- Vf,V4Vf,^,0 

but, as Fi is projectable, the Lie bracket [£,,Fi] is vertical, so (Vy^Fi^-PiC: C) = 0, 
hence 

-((V5A)f,(Vf,0,0 - -{e((VF,VF,e,0) + (v«VF,e, Vf,0} 

= -{ - ^((Vf,^, Vf.O) + 5?((Vf.C, Vf.O)} 

so the harmonic map equation, for X = ^, is satisfies if and only if |' ) =0. □ 

Example 4.1 (Twisted product). Let (M, J,g) be a compact Hermitian manifold 
and (, ) the Euclidean metric on Consider the manifold M — M x with 
the Riemannian twisted product g — pg + F^{,), where / G C°°(M) and F G 
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C°° [M X S^) are non-zero functions, and equipped with the almost contact structure 
{9, ^, rf) where 

Let X, Y vector fields on M then, by the Koszul formula, one easily checks that 

vfc = V^C ^ VfX = 0. 
By Proposition 12.11 the almost contact structure {d,£,,ri) is normal since the only 



non trivial case is when X,Y E TM, and then 

(Vf^0)(0r) - (v|0)(y) = (vfi - (v^'V)(r) = o, 

because (M, J, f^g) is always integrable. If / is constant, we can apply the results of 



Theorem 14. II and, since ^ is parallel, the harmonicity of {9, ^, 77) (either as a section 
or a map) is equivalent to the harmonicity of J. 

For a non-constant function /, the submersion is no longer Riemannian (though 
^ remains harmonic) and we have to go back to Corollary [3TTJ Then the equation 

[R{F,,9E,),9]{X) = -2{Vse9){X), 

is clearly satisfied for X = £^ and, for X E TM, is nothing but the harmonicity 
condition for the complex structure J on (M, f^g): 

[R{F,,JF,),J]{X)^{VsjJ){X), 

all quantities being, of course, with respect to the metric f'^g. Now, one can easily 
show that 

(21) [Rf"^{F„JF,),J]{X) - [RS{fF,,fJF,),J]{X), 

where {-Fi}i=i....,2n is an /^g-orthonormal frame while 

SpgJ = il/f)SgJ + 2{n - 1)//V(gradg /), 

so that 
(22) 

{wi]'^^jJ){X) = (l//^)(Vf^^J)(X) + 2(n- l)/(/^)(V5g,,,,^J)(X) + {l/f){JX){f)5,J 
- {l/f)X{f)J5gJ - {l/f)g{dgJ, JX) grad^ / -f {l/f)g{5gJ, X) Jgrad,, /, 

and equating pT|) and ((22)) gives the harmonic section equation in terms of the 
original metric g. 
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